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I. Introduction

B ECAUSE of the dif� culty associated with the analysis of gen-
eral nonlinear dynamic systems, the challenge of control law

design for nonlinear systems is often met by exploiting special fea-
tures of a class of systems. Examples include the systems that are
feedback/input-output linearizable,1 differentially � at,2 or possess
certain unique structure that enables the application of Lyapunov-
function-based methods such as backstepping.3 Nonlinear sys-
tems with multiple timescales are another case where singular-
perturbation-basedapproachesmay bedevelopedfor controldesign.
In aerospace engineering applications it has long been recognized
that multiple timescales are present in many aerospace problems:
the attitude kinematics are generally faster than the position kine-
matics; the angular rate dynamics in turn are faster than the attitude
kinematics. This timescale separation has been employed in trajec-
tory optimization and analysis4¡7 and � ight-control problems8¡11

to reduce the complexity. The commonality in these two types of
problems is that some of the fast state variablesare treated as quasi-
controls in the reduced-order (outer) solution. A major difference
betweenthem lies in that the solutionin the boundarylayer (the inner
solution) usually needs to be analyzed and obtained for boundary
condition matching in trajectory optimization, whereas stability is
the main concern for � ight-controlapplications.Therefore an outer
solution preserving stability is necessary in control applications.
This Note focuses on the control design aspect. In particular,we at-
tempt to unify the approachesusing timescale separation in various
previouswork in � ight control8¡11 under one framework, extend the
formulation of the type of problems to a more general setting, and
formalize the procedure and the associated stability analysis. Ulti-
mately, the hope is that with this developmenta systematic synthesis
procedure for control design can be followed in other applications
where timescale separation exists.

In Sec. II a general formulation of the problems is presented, a
procedure for control law design is proposed, the conditions that
must be satis� ed are stated, and the stability of the closed-loopsys-
tem is analyzed. An illustrative application is provided in Sec. III,
where the entry trajectory control problem for a suborbital proto-
type of reusable launch vehicle (X-33) is used to demonstrate the
methodology. Conclusions are given in Sec. IV.

II. Methodology
In this section the model of the type of systems under considera-

tion is described.The procedureand conditionsfor constructing the
control law is presented.The closed-loop stability is discussed.

A. Formulation
We consider a nonlinearsystem for which the dynamics have two

timescales and can be expressed as

Px1 D f1.t; x1; x2; x3; u1/ (1)
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" Px2 D f2.t ; x1; x2; x3; u1; u2/; 0 < " ¿ 1 (2)

Px3 D f3.t; x1; x2; x3; u1; u2/ (3)

where x1 2 Rn1 , x2 2 Rn2 , x3 2 Rn3 , and x D col.x1 x2 x3/ 2 Rn

with n D n1 C n2 C n3 is the state vector; u1 2 Rm1 , u2 2 Rm2 , and
u D col.u1 u2/ 2 Rm with m D m1 C m2 is the control vector. Note
that f1 is independent of u2. We will require

n2 C m1 D n1 (4)

m2 ¸ n2 (5)

The condition (4) is not always necessary (see Remark 2). Each
part of the state and control is restricted to a connected set: xi 2 X i ,
i D 1; 2; 3, and u j 2 U j , j D 1; 2. We will denote X D [X i and UD
[U j . The right-handsidesof the systemequations(1–3)are assumed
to be suf� cientlysmooth to satisfy the usual conditionsfor existence
of solutions and support the continuity requirements. The control
objective is to � nd a control law for u such that x1.t/ tracks a given
smooth and bounded function x¤

1 .t/ 2 X1, for all t ¸ 0.
Remarks:
1) The modeling of the system (1–3) encompasses the dynamics

of the systems in previous studies as special cases. For instance, in
Refs. 9 and 10 the airplane attitude kinematics would be the slow
subsystem f1 (and f1 is also independent of u1 in that case). The
angular rate dynamics would be the fast subsystem f2 . The rest of
the airplane dynamics of position, altitude, and speed, although not
considered expressively in Refs. 9 and 10, would be in f3.

2) The condition n2 C m1 D n1 is not a must. When x¤
1 .t/ is an

arbitrary function, the problem is an output-tracking problem. In
this case usually it will be required that n2 C m1 D n1 because as
will be seen later that v D .x2 u1/ is used as the pseudocontrol for
subsystem (1). In such a case the following condition will also be
needed:

@ f1.t; x1; x2; x3; u1/

@v
is full rank

8x 2 X; u1 2 U1; t ¸ 0 (6)

where the i th row of the Jacobian @ f1=@.x2 u1/ is de� ned to be
³

@ f1i

@v1
¢ ¢ ¢

@ f1i

@vn2

¢ ¢ ¢
@ f1i

@vn2 C m1

´

Exceptions to the requirement of n2 C m1 D n1 include the cases
where part of the subsystem (1) is related to the other part by pure
integrators. And when x¤

1 .t/ is from a reference trajectory of the
system (1–3), that is, a given pair [x¤.t/; u¤.t/] 2 X [ U that satis-
� es (1–3), the problem is a regulation problem, and the condition
n2 C m1 D n1 is not necessary. The strategy described in the fol-
lowing will be applicable in more general cases. We stipulate this
conditionof n2 C m1 D n1 nonetheless to avoid to have to repeat the
same comments many times.

3) To ensure the possibilityof secondstep in control law synthesis
described in the next section, the following condition similar to
Eq. (6) is required:

@ f2.t; x1; x2; x3; u1; u2/

@u2
is full rank

8x 2 X; u 2 U; t ¸ 0 (7)

4) When X [ U contains the origin and x¤
1 .t/ ´ 0, the problem

reduces to a stabilizationproblem. If the objective is to stabilize the
completestatevectorx at the origin,furtherconditionon the stability
of the zero dynamicsof the systemwill be neededto ensure x.t/ ! 0
as x1.t/ ! 0, that is, the system must be a minimum-phase system
with x1 as the output.1

B. Control Synthesis
The idea is to use the fast variable x2 as pseudocontrolin the � rst

step of the control law designprocess. If the slow dynamics [Eq. (1)]
can be controlled to track x¤

1 .t/ with x2 and u1 as inputs, a control
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law for u2 will be sought to drive the fast dynamics [Eq. (2)] toward
the x2 value required to control to the slow dynamics.

We shall restrict our discussion to static feedback control laws.
Suppose that continuous feedback laws

u1 D v1.t; x1; x3/ (8)

x2 D w2.t ; x1; x3/ (9)

have been found, and the resulting slow dynamics become

Px1 D f1.t; x1; w2; x3; v1/
1D h1.t; x1; x3/ (10)

Let e1 D x1 ¡ x¤
1 , and Pe1 D h1.t; x1; x3/ ¡ Px¤

1 .t/ D ´.t ; e1; x3/, when
the substitution x1 D e1 C x¤

1 .t/ is made. The condition on the con-
struction of Eqs. (8) and (9) is as follows.

Requirement 1:
The feedbackcontrol law (8)and the pseudocontrollaw (9)can be

foundsuch that 1) v1 2 U1 and w2 2 X2 , 8x1 2 X1, x3 2 X3 and t ¸ 0.
2)The errordynamics Pe1 D ´.t; e1; x3/ areuniformlyasymptotically
stable at e1 D 0 for any x3 2 X3 .

Remarks:
1) When f1 is af� ne in x2 and u1, it is straightforward to con-

struct the control laws (8) and (9), for instance, by the input-output
feedback linearization technique.1 When f1 is not af� ne in x2 and
u1, other methods exist that might be workable.12;13 Because only
the subsystem f1 is being considered, it is more likely to � nd an
existingnonlinearcontrol method applicable to it than to the overall
system.

2) A special case is when m1 D 0 as in aircraft � ight-control ap-
plications in Refs. 9–11. In such a case x2 will be treated as the sole
input to control subsystem (1).

To � nish the control law synthesis, de� ne ± D x2 ¡ w2.t ; x1; x3/.
The next step is to � nd a control law for u2:

u2 D v2.t ; x1; x2; x3; v1; ±/ (11)

where v2 is continuous. Because v1 and w2 are functions of x1,
x3, and t , and v2 a function of x1 , x2 , x3, and t , we can de-
note, with slight abuse of notation, u2 D v2.t; x1; x2; x3/; there-
fore, f2.t; x1; x2; x3; v1; v2/

1D h2.t; x1; x2; x3/. Rewrite the system
equation (2) under control laws v1 and v2 as

Px2 D h2.t ; x1; x2; x3/ (12)

and let the Jacobian J .t; x1; x2; x3/ D @h2=@x2 . The conditions we
need v2 to satisfy are then the following.

Requirement 2:
1) v2 2 U2 for all x 2 X and v1 2 U1 .
2) Every solution of the algebraic equation h2.t; x1; x2; x3/ D 0

necessitates x2 D w2 .
3) All of the eigenvalues of the Jacobian @h2=@x2 D

J .t; x1; x2; x3/ havenegative real part for any � xed x 2 X and t ¸ 0.
The assumption that n2 D m2 in the subsystem(2) makes it possi-

ble for the precedingconditions,especially2 and 3, to be realizable.
For instance, when f2 is af� ne in u2 ,

f2 D ¯.t ; x/ C g2.t; x/u2

then u2 D g¡1
2 [¡¯ C P.x2 ¡ w2/] with any n2 £ n2 Hurwitz matrix

P satis� es conditions 2 and 3. This is the case in � ight-control
applications.9¡11 But it is certainly far from the only possibility.For
nonaf� ne cases different methods can be exploited for construction
of the control law (11).12;13

C. Stability Analysis
To establish the stability/boundednessof the state and control for

the complete system, we also need the following to be true.
Requirement 3:
Let h3.t; x3/ be the right-hand side of subsystem (3) when

x1 ´ x¤
1 .t/, x2 ´ w2[t; x¤

1 .t/; x3], u1 D v1[t ; x¤
1 .t/; x3], and u2 D v2

ft; x¤
1 .t/; w2[t; x¤

1 .t/; x3]; x3g for all x3 2 X3. All of the solutions of
the system in x3 ,

Px3 D h3.t; x3/ (13)
are bounded.

Fig. 1 Block diagram of the proposed control strategy.

With requirements1–3 met we can conclude the following:
The response of the system (1–3) is such that x1.t/ ! x¤

1 .t/,
x2.t/, x3.t/, u1.t/, and u2.t/ are all bounded, when " is suf� ciently
small.

This conclusion can be deduced by using the standard singular
perturbation theory and the continuity of the functions involved.
Under a control law (11) that satis� es condition 3 in require-
ment 2, the fast dynamics (2) has an attracting asymptotic solu-
tion (outer solution) to which the solutions of the subsystem (2)
will quickly converge.14 The zeroth-orderouter solution is given by
f2.t; x1; x2; x3; v1; v2/ D 0, which, by condition 2 in requirement2,
necessitatesx2 ! w2.t ; x1; x3/. By requirement1, u1 D v1.t; x1; x3/
and x2 D w2.t ; x1; x3/ will result in x1.t/ ! x¤

1 .t/. All of the preced-
ing will producea bounded x3.t/ (requirement3). The boundedness
of x3.t/ and x1.t/ ensures that of v1.t; x1; x3/ and w2.t; x1; x3/; thus
the boundednessof u1.t/ and x2.t/. Finally, the boundednessof the
x leads to the boundedness of u2.t/. All of the analysis presented
here is accurate to the order of ".

Remarks:
1) Although requirement 3 is not explicitly discussed in previous

� ight-controlapplications,9¡11 it is satis� edby theaircraftdynamics
because the subsystem(3) would represent the altitude and velocity
dynamics. This requirement is necessary for the approach to be
applicable to other nonlinear systems.

2) For stabilization problems (x¤
1 D 0 in such a case), if further

conditions are imposed:

v1.t; 0; 0/ D 0; w2.t; 0; 0/ D 0

v2.t ; 0; 0; 0/ D 0; 8t ¸ 0

and if Eq. (13) is uniformly asymptotically stable at x3 D 0, then
the overall system is uniformly asymptotically stable at the origin.
Similar stability analysis and results are well documented in the
literature.15

Figure 1 is a block diagram that illustrates the control design ap-
proach. The two gray blocks are the control laws [Eqs. (8), (9), and
(11)], with x2d D w2. The dependenceof all theblockson x3 hasbeen
supressed in the � gure for clarity. The basic concept can be sum-
marized as follows: the control law for u2 causes ± D x2 ¡ x2d ! 0
rapidly; then the control law for u1 and x2 D w2 drive x1.t/ ! x¤

1 .t/
asymptotically,while all of the signals remain bounded.

III. Application in Entry Trajectory Control
A. Guidance Development

Entry guidance is concerned with providing bank-angle and
angle-of-attackcommands for a spacecraft or reusable launch vehi-
cle when it reenters the atmosphere. The prevalent entry guidance
methods employ a reference trajectory obtained off-line and gener-
ate onboard feedback commands to guide the vehicle to track some
key parameters de� ned by the reference. The space shuttle entry
guidance tracks the reference drag-acceleration pro� le for down-
rangedistancecontrol16; following, the referenceground-trackwith
approximate feedback linearizationguidance law is investigated17;
tracking the complete reference trajectory in the state space is also
a possibility.18 We shall use the entry guidance problem to demon-
strate that the methodology discussed in this Note leads to another
very simple strategy for following the reference ground track.

De� ne the speci� c energy of the vehicle by

e D ¹=r ¡ V 2=2 (14)
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Then it can be easily shown that de=dt D DV=m > 0 so that e is a
monotonicallyincreasingvariable,where D is the aerodynamicdrag
force, V the Earth-relative velocity, and m the mass of the vehicle.
Using e as the independent variable, the three-degree-of-freedom
equations of motion over a nonrotatingspherical Earth are given by

Pµ D cos °

r cos Á

³
sin Ã

D=m

´
(15)

PÁ D cos °

r

³
cos Ã

D=m

´
(16)

PÃ D
m

DV 2

³
L sin ¾

m cos °
C

V 2

r
cos ° sin Ã tan Á

´
(17)

Pr D sin °

D=m
(18)

P° D
m

DV 2

µ
L

m
cos ¾ C

³
V 2 ¡ ¹

r

´
cos °

r

¶
(19)

where ¹ is the gravitational parameter; r the radial distance from
the centerof the Earth to the entryvehicle; the longitudeand latitude
are µ and Á, respectively; the Earth-relativevelocity is V ; L and D
are aerodynamic lift and drag forces, which are functions of r , V ,
and angle of attack ®; ° is the � ight-path angle; ¾ the bank angle;
� nally, the velocity azimuth angle is Ã , measured from the North in
a clockwisedirection.The derivativesare with respect to e, and with
e as the independentvariable V is not an independentstate because
V D

p
[2.¹=r ¡ e/]. Thereforeno equationfor V is necessaryin the

equations of motion. The preceding system is nonlinear and time-
varying.Supposethata referencetrajectorybasedon system(15–19)
has been obtained, denoted by [µ¤.e/; Á¤.e/; Ã ¤.e/; r¤.e/; ° ¤.e/]
and [®¤.e/; ¾ ¤.e/]. The initial and � nal energy e0 and e f are � xed.
At any given energy level e0 · e · e f the altitude and velocity are
related by Eq. (14) and are usually not far from their nominal val-
ues. If the emphasis of the entry guidance is on accurate ground-
track following (such as the case where the vehicle is desired not to
� y over a speci� ed location on the ground), a conceptually simple
guidance law can be developedusing the methodologydiscussed in
Sec. II.

The referenceground-trackis given by [µ¤.e/; Á¤.e/]. It has long
been recognized that the position dynamics equations(15) and (16)
are slower that the attitudedynamics[Eq. (17)]. Thereforeaccording
to the formulation in Sec. II.A, we can partition the entry vehicle dy-
namics by x1 D .µ; Á/, x2 D Ã , and x3 D .r; ° /. The trajectory con-
trols are u1 D ® and u2 D ¾ . The conditions mentioned in Remarks
1–3 of Sec. II.A are all met if ¡90 deg · ¾ · 90 deg is assumed.
Following the strategyin Sec. II.B, we will � rst � nd a pseudocontrol
law for Ã and a control law for ® such that µ ! µ¤ and Á ! Á¤.
To this end, denote v1 D m sin Ã=D and v2 D m cos Ã=D. Choose
v1 and v2 to be

v1 D
r cos Á

cos °

£
¡ Pµ¤ ¡ k1.µ ¡ µ¤/

¤
(20)

v2 D
r

cos °

£
¡ PÁ¤ ¡ k2.Á ¡ Á¤/

¤
(21)

for some k1 > 0 and k2 > 0. These choices of v1 and v2 will yield
the position dynamics to be

1 Pµ D ¡k11µ (22)

1 PÁ D ¡k21Á (23)

where 1µ D µ ¡ µ¤ and 1Á D Á ¡ Á¤; thus, µ ! µ¤ and Á ! Á¤.
The pseudocontrol law for Ã is then from v1 and v2 by

QÃ D tan¡1.v1=v2/ (24)

The required ® is numerically solved at each r and V to satisfy

D.®/ D m
¯p

v2
1 C v2

2 (25)

The Newton iteration is generally effective for this task. In the ab-
sence of saturation,clearly condition2 of requirement1 in Sec. II.B
is satis� ed by QÃ and ® so obtained.

The next step is to design the control law for ¾ such that the
three conditions of requirement 2 in Sec. II.B are met. Based on
Eq. (17), the following choice of ¾ will meet conditions 2 and 3 in
requirement 2:

sin ¾ D .m cos ° =L/
£
¡.V 2=r / cos ° sin Ã tan Á ¡ k3.Ã ¡ QÃ/

¤

(26)

where k3 > 0. With this choice of ¾ , Eq. (17) becomes

PÃ D ¡
¡
k3m

¯
DV 2

¢
.Ã ¡ QÃ/

1D fÃ .r; V ; Ã; QÃ/ (27)

Now clearly the unique solution for setting the right-hand side
of the fast dynamics (27) fÃ D 0 is Ã D QÃ (condition 2 of
requirement 2). And at any given state D > 0 and V > 0; hence,
@ fÃ =@Ã D ¡k2m=DV 2 < 0 (condition 3 of requirement 2). By the
analysis in Sec. II.C under the guidance laws (25) and (26), the ref-
erence values of µ¤ and Á¤ will be tracked asymptotically in the
absence of saturation.

Finally, requirement 3 in Sec. II.C needs to be examined. Al-
though it is not easy to verify requirement 3 analytically, under-
standing of the physics of the problem, as in many other cases, will
render an indirect veri� cation. In this case r and V will not depart
signi� cantly from their nominal values because the binding of the
independent variable energy e, provided that no very large initial
dispersions in r and V take place. Therefore when the reference
ground-trackis followed precisely, x3 D .r; ° / can only be bounded
(and close to their nominal values). In fact, based on the dynamic
equations(15–19), we can further conclude that Ã and the bank an-
gle ¾ will approach their respectivenominal values as the reference
ground-track .µ ¤; Á¤/ is tracked.

B. Numerical Illustrations with the X-33 Data
The X-33 was a half-scale prototype for reusable launch vehicle

(RLV)designedto testkey technologiesfor full-scaleRLVs. In � ight
testing the X-33 was to be launched vertically from Edwards Air
Force Base, accelerate to about Mach 9 at an altitude of 55 km,
and land horizontally at the Michael Army Air Field in Utah. The
entry guidance system is responsible for guiding the X-33 shortly
after the main-engine cutoff until the X-33 reaches the terminal
area energy management (TAEM) interface at about 56 km (30 nm)
away from the heading alignment cone near the end of the runway.
The entry trajectory is controlledby bank-angleand angle-of-attack
modulations.

A reference entry trajectory is designed using the X-33 data and
trajectory constraints.Suppose that the reference ground track is to
be tracked.The guidancelawsfor® and¾ arederivedas in Sec. III.A.
To test the effectiveness of the approach, random initial conditions
dispersionsare added to the simulations.Figure2 shows the tracking
errors along a number of such trajectories in downrange and cross-
rangedirections,de� ned by R01µ and R01Á, where R0 D 6378 km
is the radiusof a sphericalEarth.The convergenceonto the reference
ground-track is evident, and both the downrange and cross-range
errors at the TAEM interface were all less than 1 km. Figure 3
depicts the dispersionsof the rest of the state variables.As expected,
1Ã approached zero, and the dispersions of r , V , and ° were all
bounded and acceptable. The variations of ¾ and ® are in Fig. 4.
The bank angle ¾ by and large converged to its nominal pro� le.

The main purpose here is to demonstrate the control synthesis
procedure established in Sec. II, not necessarily to propose a new
entry guidance approach. Much more extensive testing under var-
ious entry constraints and requirements would be needed for that
purpose. In fact, the trajectory regulation approach in Ref. 18 gives
signi� cantly higher overall guidance precision than seen in Fig. 3.
On the other hand, the approach based on timescale separation de-
sign is much simpler and provides good performance on what it
was intended to achieve (ground-track following). Another added
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Fig. 2 Tracking errors in ground track.

Fig. 3 Variations of dispersion in other state variables.

bene� t of the current approach is that the convergence of Ã to its
outer solution QÃ will be very robust with respect to modeling un-
certainty in the lift-to-drag ratio .L=D/. To see this, assume that a
coordinate transformation has been used to rotate the plane so that
the equatorialplane contains the initial and target points of the entry
� ight. In such a case Á ¼ 0 along the entry trajectories, and Eq. (17)
reduces to

PÃ D .1=V 2 cos ° /.L=D/ sin ¾ (28)

Fig. 4 Bank-angle and angle-of-attack variations.

The correspondingbank-anglecontrollaw in this casecanbe chosen
to be independent of aerodynamic forces

sin ¾ D ¡k3.Ã ¡ QÃ/ (29)

From Eqs. (28) and (29) we have

PÃ D ¡.k3=V 2 cos ° /.L=D/.Ã ¡ QÃ/ (30)

Clearly conditions2 and 3 of requirement2 in Sec. II.B are satis� ed;
thus, Ã ! QÃ , regardless of the value of L=D.

IV. Conclusions
A general formulation of the control problem for nonlinear sys-

tems with two timescales is presented.This formulation uni� es var-
ious aerospace applications in previous work under one framework
and extends further beyond. Control synthesis procedures exploit-
ing timescale separation are given, and the necessary requirements
that should be met in the processare established.The associatedsta-
bility analysis is formalized. A problem of entry trajectory control
is solved to provide a step-by-step demonstration of the procedure
and numerical illustrations. What remains to be investigated is the
general issue of robustnessof this approachwith respect to external
disturbances and modeling errors.
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Introduction

R ECENTLY, there has been some interest in designing con-
trollers for the underactuated rigid spacecraft tracking/

stabilizationproblem. In Ref. 1, Crouchprovidednecessaryand suf-
� cientconditionsfor controllabilityof a rigidbodyin thecaseof one,
two, or three independent actuators. In Ref. 2, Byrnes and Isidori
demonstrated that a rigid spacecraft with only two controls cannot
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be asymptotically stabilized via continuous-statefeedback because
it does not satisfy Brockett’s necessary condition3 for smooth feed-
back stabilizability.In Ref. 4, Morin et al. developeda smooth, time-
varying stabilizingcontrollerby using averaging theory. A continu-
ous time-varying/time-periodic switching controller was proposed
by Coron and Kerai in Ref. 5. When averagingtheory and Lyapunov
controldesign techniqueswere used,Morin and Samson6 developed
a continuous time-varying controller that locally exponentiallysta-
bilized the attitudeof a rigid spacecraft.Recently, in Ref. 7, Tsiotras
and Luo proposed a saturated, tracking/stabilizing controller for
the kinematic control of an underactuatedaxisymmetric spacecraft;
however, the spin rate on the unactuated axis is required to be
zero.

In this Note, we propose a novel, continuous, time-varying,non-
linear tracking controller for the kinematic model of an axisym-
metric as well as nonaxisymmetric underactuated rigid spacecraft.
The control structure is motivated by the Lyapunov-baseddynamic
oscillator presented in Ref. 8 for wheeled mobile robots. The pro-
posed control approach is novel in that severalkey characteristicsof
the quaternionkinematic representationare exploited during the re-
design of the control structureoriginallyproposed in Ref. 8. Indeed,
it is the fusion of the dynamic oscillator-basedapproach, that is, it
providesadditionaldesign � exibility, and quaternionkinematic rep-
resentation that facilitates the tracking result for the underactuated
spacecraft system. The controller ensures that the spacecraft orien-
tation error is driven to an arbitrarily small neighborhood of zero
providedthe initialerrorsare suf� cientlysmall, that is, thecontroller
guaranteeslocaluniform,ultimatelybounded(LUUB) trackingwith
exponentialconvergence.Standardbacksteppingcontrol techniques
can be fused with the kinematic controller to present a solution, that
is, both dynamicand kinematiceffectscan be accountedfor, for full-
order LUUB tracking/regulation of an axisymmetric spacecraft. In
contrast to the work presented in Ref. 7, the axisymmetric control
strategy is for the full-order model; furthermore, it does not impose
restrictions on the spin rate of the unactuated axis.

Problem Formulation
The kinematics for a rigid spacecraft can be expressed as

follows9:

Pq D 1
2
.q£! C q0!/ (1)

Pq0 D ¡ 1
2 qT ! (2)

where !.t/ 2 R3 is the angular velocity of a body-� xed reference
frame F (locatedat the centerofmassof the spacecraft) with respect
to an inertial reference frame I , the notation ³ £, 8³ D [³1 ³2 ³3]T ,
denotes the following skew-symmetric matrix:

³ £ D

2

4
0 ¡³3 ³2

³3 0 ¡³1

¡³2 ³1 0

3

5 (3)

and qE .t/
1D fq0.t/; q.t/g 2 R £ R3 represents the unit quaternion9

describing the orientation of the body-� xed frame F with re-
spect to the inertial frame I , which is subject to the constraint
qT q C q2

0 D 1. The rotation matrix that brings I onto F , denoted
by R.q; q0/ 2 R3 £ 3, is de� ned as

R
1D

¡
q2

0 ¡ qT q
¢
I3 C 2qqT ¡ 2q0q£ (4)

where I3 is the 3 £ 3 identity matrix and the angular velocity of F
with respect to I expressed in F is !.t/.

We assume that the desired attitude of the spacecraft can be de-
scribed by a desired, body-�xed reference frame Fd whose orienta-
tionwith respectto the inertialframeI is speci� edby thedesiredunit
quaternion qd E .t/ D fq0d .t/; qd .t/g 2 R £ R3 that is constructed to
satisfy qT

d qd C q2
0d D 1. The correspondingrotation matrix, denoted

by Rd.qd ; q0d / 2 R3 £ 3 , that brings I onto Fd is then de� ned as

Rd D
¡
q2

0d ¡ qT
d qd

¢
I3 C 2qdqT

d ¡ 2q0dq£
d (5)


